The power density and variable compliance in pneumatic actuators makes them an attractive option for actuation in human assistive devices. Interaction safety in these devices can be robustly achieved through energetically passive controllers. Efficacy of these controllers depends on appropriate definition of actuator energy function. In previous works, the energy function was defined by assuming the thermodynamic process in the actuator to be either isothermal or adiabatic. In the current paper an estimate of work potential suitable for passivity analysis of a single chambered pneumatic actuator with finite heat transfer is reported. The energy function is developed by maximizing the work done on the actuator to reach an equilibrium position. Optimal conditions show that the maximal solution is attained if the thermodynamic process is a combination of adiabatic and isothermal processes. Through this storage function it is shown that the heat transfer has dissipative affect on the power flow in the pneumatic actuator, irrespective of the chamber air temperature.
A key requirement in human interactive systems is interaction stability while exploring un-modeled environments. It has been shown in systems theory [7] that closed loop interaction between two stable systems is not always stable. As shown in [8] , stability is guaranteed only if both the interacting systems are passive. Human muscle dynamics have been shown to behave passively in [9] and most external environments are passive in nature. Research effort on passivity framework for analysis and control of fluid powered systems is fairly recent. In [10] , a novel approach to passive operation of hydraulic human power amplifier was reported. These ideas were extended to a pneumatic human power amplifier in [3] , [11] . Energetic passivity analysis requires a model of the system energy function. In the previous work on pneumatic actuators, this was achieved by assuming the thermodynamic process in the actuator to be either isothermal or adiabatic. However the temperature change due to compression and expansion of gas in pneumatic systems results in finite heat interaction with the ambient. Due to the higher operating temperature in new actuation technologies being developed, the heat transfer will have significant effect on system dynamics. As explained in [12] , a polytropic process is not accurate for modeling a thermodynamic process with finite heat transfer as it does not capture the energy loss due to hysteresis. In the current paper we report an energy based storage function to investigate passivity in single chamber pneumatic systems that has arbitrary finite heat interaction with a constant temperature ambient environment. The storage function is defined as the maximum work that can be extracted from the actuator for an optimal velocity and thermodynamic process. Passivity demonstrated with this storage function should hold for other possible thermal and mechanical interactions of the actuator. Optimality conditions demonstrate that the maximum work output is achieved if the thermodynamic process is a combination of adiabatic and isothermal processes.
In [13] , the work potential of compressed air is defined to be the exergy of air. Exergy as a measure of work potential has also been investigated for Lyapunov based controller design in [14] . The storage function presented in the current paper is shown to be the exergy of air undergoing a reversible thermodynamic process. Based on the storage function proposed in the current paper, heat transfer is shown to have dissipative effect for a general process irrespective of chamber temperature. In the following section the actuator dynamics are presented. The problem statement is presented in section 3. Design of the storage function is reported in section 4. The optimality of the proposed storage function is demonstrated by simulating a simple task in section 5. Concluding remarks are provided in section 6.
ACTUATOR DYNAMICS
In the current work, for the sake of convenience a pneumatic actuator with a single air chamber, as shown in Fig. (1) is considered. It is assumed that air behaves as an ideal gas and therefore the pressure, temperature and volume are related as,
where P 1 corresponds to the pressure, V 1 is the volume, m 1 is the mass and T 1 is the temperature of the air in actuator chamber. It is also assumed that primary mode of heat transfer is through conduction between the actuator chamber and the ambient. The pressure, temperature and heat transfer dynamics are given by [15] , Figure 1 . Schematic of a single chamber actuator studied in this paperṖ
where P 1 is the pressure, T 1 is the temperature, and m 1 is the mass of air in actuator chamber, γ is the ratio of specific heats, Q 1 is the heat transfer rate, T in is the temperature of air entering the chamber, T o is the ambient temperature, and K h is a positive quantity corresponding to product of effective heat transfer area and thermal conductivity of the material. By suitably defining K h , various models for conductive heat transfer can be captured. It is assumed that the effective heat transfer area can be changed as desired to simulate various possible heat transfer scenarios. The pressure and temperature dynamics can be changed by modulating the mass flow rate to the actuator chamber. The mass flow rate to the actuator chamber for choked and un-choked flow conditions is given by,
where P d corresponds to the pressure downstream of the valve, P u corresponds to the pressure upstream of the valve, and P cr = 0.58 is the critical pressure ratio differentiating the choked and unchoked flow regimes. The term C f A v represents the effective valve area. Modulation of the flow rate is achieved by changing the effective valve area and is therefore designated as the control input to achieve power amplification.
PROBLEM STATEMENT
A typical application for a human power amplification is as shown in Fig. (2) . The dynamics of the inertia are given by,
where x is the position of the inertia, M p is the mass of the inertia, F a is the actuator force acting on the inertia, F h is the input human force and F e corresponds to other external forces acting on the system. The actuator force is given by, Figure 2 . Schematic of human power amplifier
where A 1 and A p correspond to area on the cap side and area of the piston, and L 1o is the length corresponding to the dead volume. As the inertia is intended to move at the same velocity as the hand of the human operator, power amplification is achieved by scaling up the input human force. The desired dynamics of the system is given by,
where
is the inertia of the amplifier (M v is the mass of a virtual inertia. See [10] for further details). The input human force is scaled by the factor ρ to define the desired actuator force. The energetic supply rate to the power amplifier is given by,
To maintain stability when interacting with unknown environments, the following inequality must be satisfied ∀t,
where c 2 o represents the maximum energy that can be extracted from the amplifier by environment. As seen from Eq. (2), Eq.
(3) and Eq. (8), the heat transfer rate between the air chamber and the ambient, affects the actuator force. The energy transfer to/from the actuator due to heat transfer can affect the interaction dynamics of the actuator. These effects can be addressed by explicitly modeling the energy transferred through heat. An accurate model of heat transfer can get rather detailed [15] . A simpler approach would be to only monitor the direction of heat transfer and to define a storage function that would include the worst case scenario with heat transfer. Passive operation of human power amplifier demonstrated with this storage function will imply passive operation for all other possible scenarios of energy transfer through heat. To this end, the storage function is defined as the maximum work done by the actuator to reach equilibrium position, for a given air temperature, mass, and ambient temperature. The work done by the actuator is given by,
where u 3 =ẋ is the velocity of the actuator piston. The affect of external forces on the actuator power flow is captured through the velocity. Therefore, velocity is designated as a control variable for optimizing the work output. The effect of heat transfer on the work output is captured through the temperature dynamics. Different thermodynamic processes can be modeled by varying the heat transfer coefficient K h (t). Therefore it is designated as another input to maximize the work output. The constraint that K h (t) is positive is addressed by designating the corresponding input to be quadratic. For given mass, temperature and position, the ideal gas law in Eq. (1) defines the pressure. Therefore pressure dynamics are not explicitly included as a dynamic constraint. Therefore, the dynamic constraint imposed on the work output are given by,
where u 2 1 is the coefficient of heat transfer rate (denoted by K h in earlier section). The constraint imposed by the temperature dynamics is essentially the first law of thermodynamics. This can be seen by rewriting the above equation using the ideal gas law,
The storage function is then obtained by solving the following optimization problem,
subject to Eq (13) The supply rate of the power amplifier as determined using this storage function is required to satisfy the passivity condition in Eq. (11) for stable operation.
STORAGE FUNCTION
As the dynamic constraints should be satisfied forall t, the following Hamiltonion is defined by augmenting the cost function,
where λ 1 and λ 3 are the Lagrange multipliers on the two dynamic constraints. The first order optimality conditions that determine maximum work output are given by,
From the above conditions we get,
The second order optimality condition for maximum work output requires that the hessian matrix H u 1 u 3 be negative definite.
As H u 1 u 3 = H u 3 u 1 = 0 and H u 2 3 = 0, a weaker semi-definite requirement is imposed on the hessian. This leads to the following requirement for a maximal solution,
The dynamics of the Lagrange multiplier are obtained as,
(21)
From the terminal constraint on the lagrange multiplier we get,
From Eq. (17) we have the following candidates for optimal solution, Lagrange optimal condition:
Thermal optimal condition: Isothermal process if
Work can be extracted from the actuator until a thermodynamic dead state is reached. At the dead state there is no possibility of thermal or mechanical interaction between the actuator and the ambient. Therefore, the equilibrium position of the actuator is defined to satisfy the following condition,
wherex is the equilibrium position. It can be noticed that if the chamber temperature is not T o , then the optimal solutions in Eq.
(24) and Eq. (25) have to be traversed until the ambient temperature is attained to reach equilibrium position.
Lagrange Optimal Solution
For the optimal solution λ 1 = 0, the hessian matrix is zero. Therefore, it is inconclusive if this optimal solution corresponds to a maximum or a minimum solution. As shown in the following proposition, for this solution, the available energy in the actuator remains constant. Proposition 1. The optimal solution λ 1 = 0 corresponds to no thermal and mechanical interaction with the ambient.
Proof. When the optimal solution λ 1 = 0 is imposed, we also haveλ 1 = 0. From Eq. (21) we therefore get,
From the definition of work in Eq. (12) we can infer that the above condition implies no work interaction. Using Eq. (27) in Eq. (22) we get,λ
On differentiating Eq. (18) and using Eq. (28) along with the optimality condition in λ 1 = 0, we get,
The above condition implies that there is no thermal interaction between the actuator chamber and the ambient. As there is no heat or mechanical interaction between the actuator and the ambient, the energy in the actuator remains constant.
Isothermal Condition
When the chamber temperature is T o , isothermal process satisfies the first order optimality condition. However, as seen from Eq. (20), the hessian is not negative semi-definite for this solution. Therefore optimality of this solution is also inconclusive. The other possible optimal solution u 1 = 0, represents an adiabatic process. In the following proposition, it is shown that work output for an isothermal process is greater than an adiabatic process.
Proposition 2.
Given that the chamber temperature is the ambient temperature T o , maximum work is extracted if the process is isothermal.
Proof. Letx i represent the equilibrium position corresponding to the isothermal process andx a correspond to equilibrium position of the adiabatic process. From the definition of equilibrium position we have,
whereT 1 corresponds to the equilibrium temperature if the process were adiabatic. Let us first consider the case where the initial conditions are such that the chamber compresses to reach equilibrium. In such a case, for the adiabatic process we havẽ 
Work done by the chamber during an isothermal process is given by [11] ,
and the work done by the chamber during adiabatic process is given by [11] ,
Difference in the work done on the chamber for the two processes is given by,
Using Eq. (31) in the above equation we get,
As the process is a compression, we have x > x a and x > x i . Therefore the right hand side of above equation is negative. This gives the following condition,
Therefore the work done in an isothermal process is greater than adiabatic process. It can similarly be shown that for initial condition that require expansion to reach equilibrium, isothermal process produces more work output than an adiabatic process.
Optimal Solution u
The optimal solution u 1 = 0 implies that the thermodynamic process in the actuator chamber is adiabatic. For an adiabatic process, from Eq. (21) we have,
where t is the current time and t 1 is some time in the future. On integrating both side of the above equation we get,
where the following adiabatic relation is used to obtain the above equation,
From Eq. (23) and Eq. (39) we get the following equation for λ 1 (t),
whereT 1 is the chamber temperature in the following limiting case for adiabatic process,
Proposition 3. If the chamber temperature is above ambient then the optimal process for extracting work is adiabatic expansion and if the chamber temperature is below ambient then the optimal process for extracting work is adiabatic compression.
Proof. If the chamber temperature is different from ambient, adiabatic process satisfies the first order optimality condition in Eq. (16). To obtain a minimal solution, the second order optimality condition in Eq. (20) should also be satisfied. If the chamber temperature is above the ambient temperature, i.e (T o − T 1 ) < 0, then we get the following condition on lagrange multiplier, From the equation for lagrange multiplier in Eq. (41) we obtain the following condition on temperature,
From Eq. (40) we can see that above condition is achieved if the chamber expands. Therefore, if the chamber temperature is below the ambient, then the optimal process is adiabatic expansion. Similarly, it can be shown that if the chamber temperature is below the ambient temperature, the second order optimality condition is satisfied if the following condition is satisfied,
From Eq. (40) it can be inferred that the optimal process would then be adiabatic compression.
Given the definition of equilibrium state, the above proposition might seem trivial. However note that no assumptions about equilibrium state are made in obtaining the optimal process. The optimal process when the chamber temperature is below ambient is certainly not intuitive with out knowing the equilibrium position. Conclusions from proposition [2] and [3] are shown in Fig.  (3) and Fig. (4) . The schematic in Fig. (3) , illustrates pressure Vs. volume plot for a scenario when the chamber temperature is above ambient. The volume V o is initial temperature and V 1 corresponds to a volume when the ambient temperature is attained. The red line in the plot corresponds to the initial adiabatic process. At ambient temperature, there are two options : isothermal process represented by the blue line and adiabatic process represented by the purple line. Work done during each process is given by the area under the graph. From the figure it is clear that work done by isothermal process is greater than adiabatic process.
The schematic in Fig. (4) illustrates a scenario where the chamber temperature is lower than the ambient temperature. In Figure 4 . Schematic showing work done when chamber temperature is less than ambient temperature.Volume of chamber is plotted along the x-axis and pressure is plotted along the y-axis.
the figure, V o again corresponds to initial position and V 1 corresponds to the volume when chamber temperature is T o . the red line corresponds to the initial adiabatic process of compression to achieve ambient temperature. The blue line corresponds to the isothermal process. The purple line illustrates the solution corresponding to adiabatic process of expansion. From the plot it is evident that work done, as represented by the area under the graph, is greater if the process undergoes compression to reach ambient and then follows an isothermal trajectory.
Note that the velocity of the actuator is not uniquely determined from the optimal solution. Therefore any velocity as determined by the interaction between the actuator and the environment is a feasible solution. The storage function for a single chamber pneumatic actuator is presented in the following section.
Exergy Theorem 1.
For a pneumatic actuator with a single chamber, the storage function describing maximal work output is given by,
wherex is the equilibrium position and is defined by,
Proof. Consider chamber temperature to be different from T o . From proposition 3 we know that the optimal solution is an adiabatic compression or expansion as determined by (T o − T 1 ). The maximum available work for this phase of the process is given by,
where x 1 is the position of the actuator when the temperature is T o . As shown in proposition 2, when the temperature of the chamber corresponds to ambient temperature, isothermal process produces more work output than adiabatic process while attaining an equilibrium position. Maximal work for this phase of process is given by,
wherex is the equilibrium position. The current position x and x 1 are related as,
We therefore have,
The work done in isothermal phase can be written as,
The expression for maximum available work output is given by,
Notice that for an initial temperature corresponding to T o , the storage function corresponds to that of an isothermal process. This has been shown to be a maximal solution in proposition 2. A phase plot of the optimal solution is as shown in Fig. (5) . The x-axis is the actuator position and the y-axis is the chamber temperature. The origin corresponds to the equilibrium position, and ambient temperature. If the temperature of chamber is below the ambient, then the optimal solution is to compress the gas to reach ambient and then follow an isothermal path to equilibrium position. Similarly, when the temperature of the chamber air is greater than ambient, then the optimal path is to undergo expansion to reach ambient temperature and then reach equilibrium position through isothermal process.
LetV 1 be the volume of the chamber at the equilibrium position of the actuator. The storage function can be written as,
where s 1 is the specific entropy of air at temperature T 1 and volume V 1 , ands 1 is similarly defined at equilibrium position. The above equation is obtained by using the following relation for a reversible process,
By definition, the equilibrium position corresponds to a thermodynamic dead state of the actuator. Therefore the storage function in Eq. (54) represents the exergy of the air. Since the storage function is obtained through a combination of reversible processes, the relation between exergy and storage function intuitively makes sense.
Power Flow Analysis
Differentiating the storage function in Eq. (53) we get,
where γ 3 is obtained as,
Using Eq. (4) in Eq. (56), we can infer that irrespective of the actuator chamber temperature, heat transfer has a dissipative effect on the power flow from the actuator. The actuator itself can be seen as a three port system, with one port interacting with the mechanical system, another port interacting with the fluid system with a pseudo velocity variable γ 3 u and the third port providing the thermal interaction. Due to its dissipative nature, any thermal interaction with an ambient at an arbitrarily fixed temperature with be passive and will only aid in stabilizing the system.
Note that appropriate controllers still need to be designed to achieve human power amplification. As the heat transfer is not explicitly modeled, it is treated as an un-modeled disturbance in controller design. Controllers designed under the assumption of isothermal or adiabatic processes [11] can be extended using techniques such as nonlinear damping to achieve robust force amplification. The controller design and passivity analysis of the controller with respect to the storage function in Eq. (53) are not reported in this paper to keep the focus of the paper on the design of the storage function.
SIMULATION
A simulation study was done to illustrate the conclusions of theorem 1. To this end, the storage function defined in Eq. (53) was compared with that of an adiabatic process as given by Eq. (34). The pressure and temperature dynamics were simulated by including heat transfer between the actuator and the ambient. The command input to the valve was designed such that the actuator follows a sinusoidal profile. While the the general trajectory of human power amplifier is arbitrary and task dependent, a sinusoidal profile was selected for convenience. Variation in the temperature as the actuator moves along a sinusoidal path is as shown in Fig. (6) . The variation in optimized storage function and the adiabatic storage function is shown in Fig. (7) . Both the storage functions are positive as desired. It is also evident from this plot that the available energy represented by the optimized storage function is more than the available energy represented by adiabatic (non-optimized) process. Therefore, a controller shown to be passive with the optimized storage function should also be passive for other assumed thermodynamic processes.
CONCLUSION
In this paper, storage function for a single-chamber pneumatic actuator with finite heat transfer with the ambient has been presented. It is shown that the reported storage function is similar to exergy of air for a reversible thermodynamic process. It has
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Copyright © 2012 by ASME Figure 7 . Schematic comparing the optimized storage function with a non-optimized (adiabatic) storage function also been shown that irrespective of actuator chamber temperature, heat transfer between the actuator and ambient at an arbitrarily fixed temperature has a dissipative affect on the available energy in the actuator. This seems intuitively accurate, as heat transfer is an irreversible process that results in entropy generation, which is quantified by destruction of useful available work. Extension of these results to double chambered actuator is currently under investigation.
